Abstract: A feedback arc set of a digraph is a set of arcs whose reversal makes the resulting digraph acyclic. Given a tournament with a disjoint union of directed paths as a feedback arc set, we present necessary and sufficient conditions for this feedback arc set to have minimum size. We will present a construction for tournaments where the difference between the size of a minimum feedback arc set and the size of the largest collection of arc disjoint cycles can be made arbitrarily large. We will also make a connection to a problem found in [Barthé lemy et al., 2] . The reversing number of a digraph was defined to be r(D) ¼ jV (T )j À jV (D)j where T is a smallest tournament having the arc set of D as a minimum feedback arc set. As a consequence of our classification of all tournaments having a disjoint union of directed paths as a minimum feedback arc set, we will obtain a new result involving the reversing number. We obtain precise reversing numbers for all digraphs consisting of a disjoint union of directed paths. ß
INTRODUCTION
A feedback arc set of a digraph is a set of arcs that when reversed (or deleted) makes the resulting digraph acyclic. A minimum feedback arc set is simply a smallest sized feedback arc set. Given a tournament that has a disjoint union of directed paths as a feedback arc set we establish necessary and sufficient conditions for this feedback arc set to have minimum size. We will show in Theorem 2.2 that if a tournament has a feedback arc set consisting of a disjoint union of directed paths, then this feedback arc set is minimum-sized if and only if the tournament does not contain one of the subdigraphs (not necessarily induced) shown in Figure 5 or 6. In Theorem 2.1 we will use this classification to construct tournaments where the gap between the size of a minimum feedback arc set and the size of the largest collection of arc disjoint cycles is approximately 7 8 the number of vertices.
We will also consider the following problem posed in [2] . Given an acyclic digraph D, determine the size of a smallest tournament T that has the arc set of D as a minimum feedback arc set. It was shown in [2] that for any digraph D, there exists some such T, and the reversing number of a digraph, rðDÞ, was defined to be jVðTÞj À jVðDÞj, and rðDÞ was computed for several families of digraphs. As a consequence of our classification of all tournaments having a disjoint union of directed paths as a feedback arc set, we will obtain a new result involving the reversing number of a digraph. In Theorem 3.1 we will determine precise reversing numbers for all digraphs consisting of a disjoint union of directed paths.
We will use AðDÞ to denote the arc set of a digraph D, but to simplify matters when AðDÞ is a feedback arc set of a tournament T, we will just say that ''D is a feedback arc set of T.'' P n will denote a directed path with n vertices and P m i¼1 D i will denote a disjoint union of m digraphs, sometimes referred to in other literature as the sum of m digraphs. If the D 0 i s are all the same digraph we will simply use mD i . For a subset of arcs AðHÞ AðDÞ, the reversal of AðHÞ denoted ðAðHÞÞ R , is defined to be the set fðy; xÞ j ðx; yÞ 2 AðHÞg. Given an acyclic digraph D, if T is a tournament having D as a minimum feedback arc set, and no smaller tournament has D as a minimum feedback arc set, we will say that T realizes D, or that D has a realizing tournament T. For any other undefined notation, see [8] .
Let D be a digraph and let W be a set of isolated ''extra vertices,'' where W T VðDÞ ¼ ;. Let be an ordering of fVðDÞ [ Wg that is consistent with D, meaning that, for each ðx; yÞ 2 AðDÞ; ðyÞ < ðxÞ. Let Tð; DÞ be the tournament with vertex set VðDÞ S W such that ðTð; DÞnAðDÞÞ [ ðAðDÞÞ R is acyclic. That is, AðTð; DÞÞ ¼ fðy; xÞ j ðxÞ <ðyÞ and ðy; xÞ 2 AðDÞg [ fðx; yÞ j ðxÞ < ðyÞ and ðx; yÞ 6 2 AðDÞg. We note that D is a feedback arc set of Tð; DÞ. Moreover, when D is a feedback arc set of a tournament T; T must have this form for some ordering and some set W that is dependent on . To simplify notation we will say ''Let be an ordering consistent with D'' when we have a digraph D with an ordering of VðDÞ [ W where D is a feedback arc set of the tournament with vertex set equal to VðDÞ [ W:
Our standard method for presenting a tournament Tð; DÞ will be in a diagram such as Figure 1 , where the ordering arranges the vertices from left to right. Hence the arcs of D are directed from right to left and all other arcs are directed from left to right. In this setting, we can define an inverse map À1 : Z þ ! VðTÞ and refer to the ith vertex in this ordering with À1 ðiÞ: The problem of finding a minimum feedback arc set in a tournament can be thought of in the context involving the ranking of players in a tournament. Let the vertices of the tournament correspond to players in a round robin tournament and there is an arc from vertex x to vertex y if and only if the player corresponding to vertex x beats the player corresponding to vertex y. Finding a minimum feedback arc set is then equivalent to finding a ranking with the minimum number of inconsistencies, where one player beats another and the loser is ranked higher than the winner. Furthermore, we note that the ranking of the players is simply the ordering of the acyclic tournament created upon reversal of these inconsistent arcs. We formally define the term inconsistencies below. Definition 1.1. Let T be a tournament and let be a permutation of the labels of the vertices of T. The set of inconsistencies denoted INC ð; TÞ, is the set fðx; yÞ 2 AðTÞ j ðxÞ >ðyÞg. Given a tournament T, an ordering is said to be optimal if for any ordering 0 of VðTÞ; jINCð; TÞj jINCð 0 ; TÞj and an ordering is said to be strictly better than 0 if jINCð; TÞ j< j INCð 0 ; TÞj:
In the context of rankings the problem is as follows. For a given set of inconsistencies, determine the size of a smallest tournament, which has this set as a minimum set of inconsistencies. The reversing number is then the fewest number of extra players that must be added to create a tournament with the prescribed minimum set of inconsistencies.
The study of minimum feedback arc sets was introduced in [7] and [9] . These sets are also referred to reversing sets in [2] . They are related to other sets studied in electrical engineering, statistics, and mathematics. We next state a well-known elementary result as our Lemma 1.1. Lemma 1.1. Let D be a feedback arc set of T. If T contains a collection of jAðDÞj arc disjoint cycles then D is a minimum feedback arc set of T.
It is easy to see why this lemma is true. If T contains a collection of jAðDÞj arc disjoint cycles, then any feedback arc set would have to include at least one arc from each of these cycles. Hence any feedback arc set is at least as large as jAðDÞj, so it follows that the arcs of D must form a minimum feedback arc set.
We note that the converse of Lemma 1.1 is not true in general and has been well studied [3] . In [3] , probabilistic methods were used to show the existence of tournaments with a minimum feedback arc set of size 
À Á
, which will be dominated by
as n gets large. In Theorem 2.1 we give explicit constructions of tournaments where the size of a minimum feedback arc set is strictly greater than the size of the largest collection of arc disjoint cycles. Furthermore, this construction will produce tournaments that are much smaller than the examples known to exist in [3] .
It was shown in [2] that for any acyclic digraph D, there exists a tournament T that has D as a minimum feedback arc set, and hence the reversing number of a digraph is well defined. Furthermore, they showed that rðDÞ jAðDÞj. For a general acyclic digraph D, the computation of rðDÞ has proven to be very difficult, but is tractable for many classes of digraphs. Reversing numbers for many classes of digraphs were determined in [2] . The reversing number for tournaments were investigated in [4] and [1] . The reversing number for a disjoint union of directed stars was determined [6] and the reversing number for powers of a directed Hamiltonian path was studied in [5] . We next note a result from [2] for the reversing number of a path on n vertices. We restate this as our Lemma 1.2 and give a short proof.
Proof. Let D ¼ P n have vertex set fv 1 ; v 2 ; . . . ; v n g and arc set fðv iþ1 ; v i Þ j i ¼ 1; 2; . . . ; n À 1g. First we will show rðP n Þ ! n À 1. Assume rðP n Þ < n À 1. Then there is some tournament Tð; DÞ on less than 2n À 1 vertices that realizes D:
Then by the pigeonhole principle, must contain two vertices fv j ; v jþ1 g of P n such that ðv jþ1 Þ À ðv j Þ ¼ 1. So Dnðv jþ1 ; v j Þ is a feedback arc set of Tð; DÞ. Hence D is not a minimum feedback arc set of Tð; DÞ:
Next, we will show rðP n Þ n À 1. Let VðTð; DÞÞ ¼ VðDÞ along with an additional set of vertices fx 1 ; x 2 ; . . . ; x nÀ1 g where ¼ hv 1 ; x 1 ; v 2 ; x 2 ; . . . ; x nÀ1 ; v n i. Then Tð; DÞ contains the following collection of n À 1 arc disjoint cycles: fðv i ; x i ; v iþ1 Þ j i ¼ 1; 2; . . . ; n À 1g. Hence any feedback arc set must contain at least n À 1 arcs and so D is a minimum feedback arc set of Tð; DÞ. This implies rðP n Þ n À 1 and equality follows.
&
We will continue with some elementary results that will be used frequently throughout the paper. We restate Lemma 1 from [2] In the next lemma, D jX will denote the subdigraph of D induced by the vertices of X VðDÞ, and for an ordering of VðDÞ, a consecutive segment of vertices v i ; v iþ1 ; . . . ; v iþj will be denoted by hv i ; v iþ1 ; . . . ; v iþj i. We restate a result found in [9] as our Lemma 1.5. This lemma is also found in [2] . Lemma 1.5. If T is a tournament and D is a minimum feedback arc set such that ðv 1 Þ < ðv 2 Þ < Á Á Á < ðv n Þ is the acyclic ordering after reversal of the arcs in D, then for any segment hv i ; v iþ1 ; . . . ; v iþj i ¼ F; D jF is a minimum feedback arc set of T jF :
Proof. If an ordering is optimal then for any consecutive segment F; jF must also be optimal. This follows from the fact that if this jF was not optimal we could create a strictly better ordering 
DISJOINT UNION OF DIRECTED PATHS
In this section we will classify all tournaments that have a disjoint union of directed paths as a minimum feedback arc set. As a consequence we will precisely determine the reversing number for all digraphs consisting of a disjoint union of directed paths.
Let
Let the vertices of each path P k i be v i;1 ; v i;2 ; . . . ; v i;k i and let the arcs of each path P k i be ðv i;jþ1 ; v i;j Þ for all j ¼ 1; 2; . . . ; k i À 1:
Let T be the tournament shown in Figure 2 . Then D is a feedback arc set of T since the reversal of the arcs of D creates the tournament where all of the arcs are directed from left to right, which is clearly acyclic. There are 3 arc disjoint cycles ðv 1;1 ; v 3;1 ; v 1;2 Þ; ðv 2;1 ; v 1;2 ; v 2;2 Þ; and ðv 3;1 ; v 2;2 ; v 3;2 Þ, so any feedback arc set of T must contain at least three arcs. Hence D is a minimum feedback arc set of T. Then jVðDÞj ¼ jVðTÞj and rðDÞ ¼ 0:
As we noted in Lemma 1.1 the size of a minimum feedback arc set in a realizing tournament T is greater than or equal to the size of a largest collection of arc disjoint cycles in T. This next theorem will give explicit examples where we have strict inequality. Given a tournament Tð; DÞ we denote the size of a largest collection of arc disjoint cycles in this tournament by jC max ðTð; DÞÞj. The next theorem will present tournaments with a minimum feedback arc set of size 4k À 2 but where the size of the largest collection of arc disjoint cycles is 3k À 1 þ b kÀ1 2 c for all integers k ! 2. We will establish the upper bound on the cycles here and the lower bound on the size of the minimum feedback arc set will follow later in the proof of Lemma 3.3. We note that none of the later lemmas and theorems will use Theorem 2.1. We state it here simply to give some justification for the need of methods other than seeking a collection of jAðDÞj arc disjoint cycles in a tournament realizing D:
Let be an ordering for VðDÞ where
. . . ; k; and ðv 3;i Þ ¼ 4i for i ¼ 1; 2; . . . ; k. Then D is a minimum feedback arc set of Tð; DÞ and jC max ðTð; Proof. We will first show that the largest collection of arc disjoint cycles in Tð; DÞ has size 3k À 1 þ b kÀ1 2 c. The proof will be completed in Lemma 3.3 when we establish that D is, in fact, a minimum feedback arc set of Tð; DÞ. At times it may be useful to refer to Figure 3 .
We seek to show jC max ðTð; DÞÞj ! 3k À 1 þ b kÀ1 2 c. We note Tð; DÞ contains the following set of arc disjoint cycles: fðv 1;i ; v 2;
2 cg. Hence the lower bound follows.
Next, we will show jC max ðTð; DÞÞj 3k À 1 þ b kÀ1 2 c. The proof will be by induction on k, using k to get to k þ 2, so we present two base cases. We begin with the base case where
Since each cycle must contain at least one arc from AðDÞ; jC max ðTð; DÞÞj 6. If we hope to obtain a collection of six arc disjoint cycles, then each cycle must contain exactly one arc from AðDÞ. The second base case is where
Since each cycle must contain at least one arc from AðDÞ; jC max ðTð; DÞÞj 10. If we hope to obtain a collection of 10 arc disjoint cycles, then each cycle must contain exactly one arc from AðDÞ. 
We will consider some methods to show certain digraphs have reversing number zero even though the largest set of arc disjoint cycles in a tournament realizing D has cardinality strictly less than jAðDÞj. Let D be a disjoint union of directed paths with an ordering such that D is a minimum feedback arc set of Tð; DÞ. Proof. We will show that if either ðv r;k r þ1 Þ 6 ¼ n or ðv r;k r Þ 6 ¼ n þ 1, then jINCð; Tð 0 ; D 0 ÞÞj ! jAðD 0 Þj. We will start by considering the case where ðv r;k r þ1 Þ 6 ¼ n. If ðv r;k r þ1 Þ ¼ n þ 1, then there are at least jINCð; Tð; DÞÞj inconsistencies from VðDÞ, plus one additional inconsistency since ðv r;k r þ1 Þ > ðv r;k r Þ, and hence jINCð; Tð 0 ; D 0 ÞÞj ! jAðD 0 Þj. If ðv r;k r þ1 Þ < n then there are at least jINCð; Tð; DÞÞj inconsistencies from VðDÞ, plus one additional inconsistency since there is some vertex v 6 ¼ v r;k r , such that ðvÞ > ðv r;k r þ1 Þ. This gives a total of jAðD 0 Þj inconsistencies. Hence we will proceed with ðv r;k r þ1 Þ ¼ n. If ðv r;k r Þ < n then we will have jINCð; Tð; DÞÞj inconsistencies from VðDÞ, plus an additional inconsistency since ðv r;k r þ1 Þ > ðv r;k r Þ. This gives a total of jAðD 0 Þj inconsistencies. Proof. We will show for any ordering ; jINCð; Tð 0 ; D 0 ÞÞj ! jINC ð 0 ; T ð 0 ; D 0 ÞÞj. Since ðv 1 Þ < n À 1 we have the following general structure for Tð; DÞ : hX; v r;k r ; Yi, where jYj ! 2. Let v a;k l and v b;k j be the first and second vertices of Y, respectively, that appear in the ordering . Let D jX and D jY be the induced subdigraphs of D on the vertices of X and Y, respectively. We will first consider the case where k r and k j are at least 2. The other cases will be handled later.
Lemma 2.2 (Extension Lemma
We note that jAðD 0 Þj jAðD jX Þj þ jYj þ 2 since there are jAðD jX Þj arcs with tails in X and at most jYj þ 2 arcs with tails in Y [ fv r;k r þ1 ; v r;k r g. By Lemma 2.1 we may assume ðv 1 Þ ¼ n þ 1 and ðv 2 Þ ¼ n. We next consider jINCð; T ð 0 ; D 0 ÞÞj. Then there are jAðD jX Þj inconsistencies from arcs with both their head and tail in X. Since ðv r;k r Þ > ðv y Þ for all vertices v y 2 Y and ðv r;k r Þ > ðv r;k r À1 Þ, there are jYj þ 1 additional inconsistencies from arcs that have v r;k r at one end. Finally, there is one more inconsistent arc from the triangle ðv b;k j À1 ; v a;k i ; v b;k j Þ, which has either one end in X and the other end in Y, or both ends in Y. To see that we have not double counted any of the above inconsistencies, we note that there are jAðD jX Þj inconsistencies that only involve vertices from X; jYj inconsistencies that involve v r;k r and a vertex from Y, the inconsistency ðv r;k r Þ > ðv r;k r À1 Þ and one inconsistency from the triangle ðv b;k j À1 ; v a;k i ; v b;k j Þ. In this section we will focus on these ''non-optimal'' segments.
Given an ordering consistent with D, we will define a forbidden string Sð; DÞ to be a labeling that corresponds to a segment S of vertices in where there exists an ordering such that jINCð jS ; Tð jS ; D jS ÞÞj < jINCð jS ; Tð jS ; D jS ÞÞj. This string is called forbidden because if D is a minimum feedback arc set of Tð; DÞ, then Sð; DÞ cannot contain such a string. We will define two types of forbidden strings and use them to describe all tournaments that have a disjoint union of directed paths as a minimum feedback arc set.
We will formally define these forbidden strings by considering the segment of vertices in the ordering . Given a digraph D consisting of a disjoint union of directed paths and an ordering , we can define a string Sð; DÞ ¼ hs 1 ; s 2 ; . . . ; s n i where s j ¼ i if and only if À1 ðjÞ is on the directed path P k i . We note that this correspondence is reversible, that is, given a string S n ¼ hs 1 ; s 2 ; . . . ; s n i we can appropriately define the unique digraph D consisting of a disjoint union of directed paths and a unique ordering . The ordering can constructed by replacing the jth i with v i;j for all i ¼ 1; 2; . . . ; m and j ¼ 1; 2; . . . ; k i . Then AðDÞ consists of the arcs fðv i;jþ1 ; v i; j Þj j ¼ 1; 2; . . . ; k i À 1g. From this we can define the tournament Tð; DÞ that has D as a feedback arc set.
We show the correlation between D; and Sð; DÞ in the following example. Figure 4 . Again we note that all arcs not drawn are directed from left to right. Definition 2.1. We define a forbidden string of type I to be a string of vertices hi; ii occurring in S n . This corresponds to two vertices from the same feedback path, that appear consecutively in :
We show a corresponding subdigraph of a forbidden string of type I in Figure 5 . This idea of this forbidden string was alluded to in the proof of Lemma 1.2, but it is helpful to think of this idea in the context of player rankings. A forbidden string of type I is then a ranking of players where two players are ranked consecutively and the lower ranked player beats the higher ranked player. Clearly this ranking is not optimal for the ranking method we are using, because we could switch these two players in the ranking and keep the ranks of all other players fixed and obtain a new ranking with strictly fewer inconsistencies. We state this property in the context of minimum feedback arc sets below. Proof. Assume that Sð; DÞ contains the string hi; ii. Then must contain two consecutive vertices that belong to the same path in D. An ordering , which interchanges the order of these two vertices in and maintains the same ordering as for all other vertices implies jINCð; Tð; DÞÞj ¼ jINCð; Tð; DÞÞj À 1. Hence D is not a minimum feedback arc set of Tð; DÞ. Figure 6 . We note that these are not necessarily induced subdigraphs since the subdigraph may contain additional arcs that join the different directed paths (without creating a subdigraph corresponding to a forbidden string of type I). These subdigraphs with additional arcs will still contain a subdigraph consisting a disjoint union of directed paths that correspond to a forbidden string of Type II. Subdigraph corresponding to a forbidden string of Type I with respect to the ordering :
In Lemma 2.4 we will show that if D is a disjoint union of directed paths, is an ordering consistent with D and Sð; DÞ contains a forbidden string of type II, then D is not a minimum feedback arc set of Tð; DÞ. However we will precede this lemma with an example illustrating the main ideas of Lemma 2.4 and its proof. and note all arcs that are not drawn are directed from left to right. We will show D is not a minimum feedback arc set of Tð; DÞ. We consider the ordering ¼ hv Note that the set A consists of the arcs directed from right to left in Tð; DÞ and left to right in Tð; DÞ. These arcs are ðv 1;3 ; v 3;2 Þ; ðv 3;1 ; v 2;2 Þ, and ðv 2;1 ; v 1;2 Þ. The set B consists of the arcs that are directed from right to left in Tð; DÞ and left to right in Tð; DÞ. These arcs are ðv 1;2 ; v 1;1 Þ; ðv 1;4 ; v 1;3 Þ; ðv 2;2 ; v 2;1 Þ, and ðv 3;2 ; v 3;1 Þ. Since jBj À jAj ¼ 4 À 3 ¼ 1, we have that jINCð; T ð; DÞÞj ¼ jINCð; Tð; DÞÞj À 1, and hence D is not a minimum feedback arc set of the tournament Tð; DÞ.
We note that this does not imply that rðP 4 þ P 2 þ P 2 Þ > 0, only that this tournament does not realize D ¼ P 4 þ P 2 þ P 2 . In fact, rðP 4 þ P 2 þ P 2 Þ ¼ 0 which will follow from Theorem 3.1. Proof. ð)Þ This direction follows from Lemmas 2.3 and 2.4. ð(Þ To prove the other direction, we will proceed by induction on n ¼ jVðDÞj. We will start with a few base cases. If jVðDÞj 2 and Sð; DÞ does not contain a forbidden string, then jAðDÞj ¼ 0, and our result is trivial.
Assume the hypothesis is true for all digraphs with n vertices and we will show that it holds for all digraphs with n þ 1 vertices. Let Sð; DÞ ¼ hs 1 ; s 2 ; . . . ; s nþ1 i be a sequence that does not contain a forbidden string of type I or II. If À1 ðn þ 1Þ is a vertex that is not on the same path as a vertex in VðDÞ, then by a trivial extension D is a minimum feedback arc set of Tð; DÞ. Let 
REVERSING NUMBER OF A DIGRAPH
The reversing number of a digraph D was defined in [2] to be rðDÞ ¼ jVðTÞj À jVðDÞj, where T is a smallest sized tournament that has D as a minimum feedback arc set. As a consequence of our classification of all tournaments having a disjoint union of directed paths as a minimum feedback arc set, we are able to obtain a new result for the reversing number of a digraph. In this section we will give precise reversing numbers for all digraphs consisting of a disjoint union of directed paths.
We begin by using forbidden strings of types I and II to generate lower bounds for the reversing number of a disjoint union of directed paths.
, where the number of extra vertices is too small. Then let be any ordering of VðDÞ [ W, such that D is a feedback arc set of Tð; DÞ. Then we have less than k 1 À 1 vertices in that are not on the path P k 1 . Then any ordering contains at least two more vertices that are on the path P k 1 than vertices that are not on the path, there must be two vertices from P k , that appear consecutively in . This implies Sð; DÞ contains a forbidden string of type I and hence by Lemma 2.3, D is not a minimum feedback arc set of Tð; DÞ. This is a contradiction. Hence rðDÞ
Let W be a set of isolated vertices disjoint from VðDÞ. Let be any ordering of VðDÞ [ W, such that D is a minimum feedback arc set of Tð; DÞ.
c, any ordering must contain a segment consisting of four vertices from the first two paths. Let W be a set of isolated vertices disjoint from VðDÞ. Then let be any ordering of VðDÞ [ W, such that D is a feedback arc set of Tð; DÞ. Then one or more of the forbidden strings hi; ii or hi; j; i; ji appears in Sð; DÞ. Thus by Lemmas 2.3 and 2.4, D is not a minimum feedback arc set of Tð; DÞ. This is a contradiction. Hence rðDÞ ! b
A. Reversing Number Zero
Our next two lemmas show sufficient conditions for a digraph consisting of a disjoint union of directed paths to have reversing number zero. These are situations where one of the bounds from Lemmas 3.1 or 3.2 are tight.
If both of the following conditions hold:
Proof. Assuming conditions (i) and (ii), we can define so that Sð; DÞ has s 2iÀ1 ¼ 1 for i ¼ 1; 2 
where k is an integer greater than or equal to 2, then we have the digraphs described in Theorem 2.1. Applying Lemma 3.3 to this family of digraphs completes the proof of Theorem 2.1.
The next lemma is the analog of Lemma 3.3 where we have equality in (ii). We note that the case where equality holds in both (i) and (ii) is covered in Lemma 3.3, so we will consider the case with strict inequality in (i).
Proof. We will use R to denote 1 , which clearly has reversing number zero. Hence, it will proceed under the assumption that R ! 1. We note that (ii) enables us to define a particular ordering where any segment containing only vertices from P k 1 and P k 2 has at most three vertices. Let be an ordering that corresponds to the string Sð; DÞ ¼ hS 1 ; v 1 ; S 2 ; v 2 ; S 3 ; . . . ; v R ; S Rþ1 i, where the substrings S i will contain only vertices from P k 1 and P k 2 , and S i will have three vertices for i ¼ 1; 2; . . . ; R and S Rþ1 will have 1, 2, or 3 vertices depending on jVðDÞj. We note that S Rþ1 6 ¼ ;,
We will consider the three cases where jVðDÞj 1; 2, or 3 mod 4. We begin by describing all of the S i 's except for the last two, by letting S i ¼ h2; 1; 2i for
For completeness we include all of the details. The number of 2's in this part of the sequence is 2ðk 2 
Next, we will describe S R and S Rþ1 for the different possibilities for jVðDÞj. If jVðDÞj 1 mod 4 then let S R ¼ h2; 1; 2i and S Rþ1 ¼ h1i and then the sequence will contain k 2 2's and 3R þ 1 À k 2 1's. If jVðDÞj 2 mod 4, then let S R ¼ h1; 2; 1i and S Rþ1 ¼ h1; 2i and hence the sequence will contain k 2 2's and 3R þ 2 À k 2 1's. If jVðDÞj 3 mod 4 then let S R ¼ h1; 2; 1i and S Rþ1 ¼ h1; 2; 1i. Then the sequence will contain k 2 2's and 3R þ 3 À k 2 1's.
Finally, we will show that for any of the three cases, Sð; DÞ does not contain a forbidden string. Clearly Sð; DÞ does not contain a forbidden string of type I. We next note that there is no substring of Sð; DÞ containing four consecutive terms that are either 1 or 2. Hence if s j ¼ s jÀ2 then s jÀ1 6 ¼ s jÀ3 . If s j ¼ s jÀ2 and s jÀ1 ¼ s jÀ4 for some j; 6 j n, then it must be that s j ; s jÀ2 ; s jÀ1 , and s jÀ4 are all less than or equal to 2, since two terms that are greater than 2 have at least three terms less than or equal to 2 between them. Now if s jÀ3 2 then hs jÀ3 ; s jÀ2 ; s jÀ1 ; s j i would form a substring of Sð; DÞ containing four consecutive terms that are either 1 or 2. Hence s jÀ3 > 2, and s jÀ3 cannot equal s jÀ5 or s jÀ6 . Thus Sð; DÞ does not contain a forbidden string of type I or II, and it follows that D is a minimum feedback arc set of Tð; DÞ. Hence rðDÞ ¼ 0: Proof. The necessity of (i) and (ii) follows from Lemmas 3.1 and 3.2. Let D ¼ P m i¼1 P k i with jVðDÞj ¼ n. If either (i) or (ii) hold for D with equality, then we are done by Lemmas 3.3 and 3.4. Hence we will assume that we have strict inequality for both (i) and (ii).
To prove sufficiency, we will proceed by induction on n. We have the following base cases. Clearly rðP 1 Þ ¼ rð2P 1 Þ ¼ rð3P 1 Þ ¼ 0 and it was shown in the proof of Lemma 3.3 that rðP 2 þ P 1 Þ ¼ 0:
Let D ¼ P m i¼1 P k i and remove one vertex from each of the three largest paths, to form the digraph D Ã ¼ P m i¼1 P k Ã i : We will assume that (i) and (ii) hold for D with strict inequality and show that (i) and (ii) hold for D Ã . This will imply the existence of some ordering Ã such that D Ã is a minimum feedback arc set of Tð Ã ; D Ã Þ. Then we will apply Lemma 2.2 to complete the proof.
We will consider four cases. For completeness we give the details. To simplify notation we will let R ¼ P m i¼3 k i and R Ã ¼ P m i¼3 k
First we show (i) holds. k 1 À 1 < P m i¼2 k i ) k 
